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A l~raet - -A  locally analytic numerical method is developed to predict the two-dimensional internal and 
external steady laminar flow of an incompressible viscous fluid. In this method, analytic solutions of 
locally linearized partial differential equations are incorporated into the numerical solution. This is 
accomplished by dividing the flow field into computational grid elements. In each individual element, the 
nonlinear convective terms of the Navier-Stokes equations are locally linearized, with analytic solutions 
then determined. The solution for the complete flow field is obtained by the assembly of these locally 
analytic solutions. The nonlinear character of the complete flow field is preserved as the flow is only 
locally linearized, i.e. independently linearized solutions are obtained in individual grid elements. This 
locally analytic numerical solution method is used to analyze the viscous flow in several internal and 
external flow configurations, with the prediction of flow development, reversal, separation, and reattach- 
ment demonstrated over a range of moderate values of the Reynolds number. In particular, three internal 
and one external f ow configurations are investigated, with predictions obtained for entrance flow develop- 
ment in a straight channel, the flow through a sudden expansion, i.e. over a backward step, the flow in 
a diffuser, and the flow past a flat plate airfoil over a range of mean flow incidence angle values. 
NOMENCLATURE 
a,b,c,d = Boundary constants 
A = Local grid velocity constant 
B = Local grid velocity constant 
h = Step height 
H = Channel half-height 
L -- Reattachment length 
P = Dimensionless pressure 
Re = Reynolds number 
U = Nondimensional velocity in X direction 
V = Nondimensional velocity in Y direction 
X = Coordinate in mean flow direction 
Y = Coordinate in normal flow direction 
AX = Step size in X direction 
A Y = Step size in Y direction 
(X0, Y0) = Center of grid element 
• ' = Stream function 
= Vorticity 
Superscripts 
= Stream function 
= Vorticity 
Subscripts 
(i,j) = Nodal point 
p = Particular solution 
INTRODUCTION 
The steady laminar flow of an incompressible viscous fluid is described by the Navier-Stokes 
equations. Solutions to these coupled nonlinear partial differential equations are difficult o deter- 
mine, with exact solutions existing only for very idealized flow situations. As a result, numerical 
solution techniques are being developed. However, when the nonlinear convective terms are 
significant, difficulties such as numerical instability and slow convergence are often encountered. 
The various numerical methods differ in the means used to derive the corresponding algebraic 
representation f the differential equations. In finite difference methods, Taylor series expansion 
and control volume formulations are typically used, with numerical instability problems overcome 
by utilizing central differences for the diffusion terms and upwind, or backward, differences for the 
convective t rms. In finite element methods, variational formulations and the method of weighted 
residuals are employed, with analogous upwind schemes utilized. In the locally analytic numerical 
method, analytic solutions to locally linearized ifferential equations are incorporated into the 
numerical method. 
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The concept of locally linearized solutions of nonlinear flow problems was developed and used 
to predict the steady inviscid transonic flow past a thin airfoil by Spreiter et al.[l-3] and 
subsequently extended to oscillating airfoils in transonic flow by Stahara and Spreiter [4]. Also, 
Dowell [5] developed a rational approximate method for unsteady transonic flow which is broadly 
related to the local linearization concept. The locally analytic numerical technique which is based 
on the locally linearized solution approach, was initially developed by Chen et al. [6-9] for steady 
two dimensional f uid flow and heat transfer problems. They have shown that this method has 
several advantages over finite difference and finite element methods. It is less dependent on grid 
size and the system of algebraic equations are relatively stable. Also, since the solution is analytic, 
it is differentiable and is a continuous function in the solution domain. The disadvantage of the 
locally analytic numerical method is that, as will be seen, a great deal of mathematical nalysis 
is required. 
In this paper, the two-dimensional steady laminar flow of an incompressible viscous fl id in both 
internal and external flow configurations are predicted by developing a locally analytic numerical 
solution method. The flow field is first divided into computational grid elements. In each individual 
element, the nonlinear convective terms of the Navier-Stokes equations are locally linearized, with 
analytic solutions then determined. The solution for the complete flow field is obtained by assembly 
of these locally analytic solutions. The nonlinear character of the complete flow field is preserved 
as the flow is only locally linearized, i.e. independently inearized solutions are obtained in 
individual grid elements. The ability of the locally analytic numerical method to predict viscous 
flow development, reversal, separation and reattachment, is hen demonstrated at moderate values 
of the Re by considering several steady internal and external flow configurations. 
MATHEMATICAL MODEL 
The two-dimensional steady laminar flow of an incompressible viscous fl id is described by the 
non-dimensional continuity and Navier-Stokes equations 
OU dV 
+ ~ = 0 (la) 
u&U dU dP 1 Fd2U ;2U-] 
~-~ + Z~--~ = -- a-X + Ree L~ +~Y-iJ (lb) 
uaV vaV aP I Fa~v a~v] (Ic) 
where X and Y are the independent variables parallel and normal to the mean flow direction, U 
and V are the corresponding dimensionless velocity components, P is the dimensionless pressure 
and Re denotes the Reynolds number. 
The boundary conditions pecify that there is no slip between the fluid and the solid surfaces 
and that the normal velocity of the fluid is zero on these surfaces, 
U=0;  V=0,  on surfaces. (2) 
There are three dependent variables, the two velocity components and the pressure. To reduce 
the number of dependent variables, the continuity and Navier-Stokes equations are rewritten in 
terms of the vorticity, ~, and the stream function, ~g, equations (3) and (4) 
V2~ =Re U~--~+ V~--~ , (3a) 
aU c~2~ 
= c~ Y - 0 y2 on boundaries, (3b) 
V2~ = ~ (4a) 
= 0 . . .  on boundaries, (4b) 
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where  
~V OU ~9~ g~// 
= o--k o r ;  u = ; v = - o--- . 
The vorticity equation is nonlinear, with the stream function described by a Poisson equation 
which is linear and coupled to the vorticity equation through the vorticity source t rm. 
LOCALLY ANALYTIC NUMERICAL METHOD 
In the locally analytic numerical method, analytic solutions of locally linearized partial differ- 
ential equations are incorporated into the numerical solution. This accomplished by dividing the 
flow field into computational grid elements and linearizing the nonlinear convective terms of the 
vorticity equation in each individual grid element. Analytic solutions to the linear equations 
describing the vorticity and the stream function in each element are then determined. The solution 
for the complete flow field is obtained through the application of the global boundary conditions 
and the assembly of the locally analytic solutions in the individual grid elements. 
Typical grid element 
The vorticity and stream function equations are elliptic. Thus, to obtain unique analytic solutions 
in the typical grid element schematically depicted in Fig. 1, continuous boundary conditions are 
required on all four boundaries. However, the element boundary conditions pecify the values of 
the vorticity and the stream function only at the eight nodal boundary points. The requirement 
for continuous element boundary conditions i achieved herein by expressing the nodal boundary 
values in an implicit form as a second order polynomial in terms of the three known nodal values 
on each element boundary, 
(X, Yo + AY) = a~ + s~X + a~ X 2, (5a) 
~(X, Yo - AY) = b~ + b¢2X + b~X 2, (5b) 
~(Xo + AX, Y) = c¢t + c¢2Y + c~Y 2, (5c) 
(Xo - AX, Y) = d~ + d~ Y + d~ y2, (5d) 
$ (X, Yo + AY) = a~ + a~X + a~X 2, (5e) 
tfi(X, Yo - AY) = b~ + b~X + b~X 2, (5t") 
~k(Xo + AX, Y) = c~ + c~Y + c~r 2, (5g) 
~k (Xo - AX, Y) = d~' + d~/Y + d~' r2, (5h) 
Ar 
(Xo, Yo~ 
- &X 
7 
Fig. 1. Typical computational grid element. 
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where the a;, b;, c~ and d~ terms are constants determined from the three nodal points on each 
element side. 
Vorticity solution 
The vorticity equation is nonlinear because of the inertia terms 
U~ and VS~ Y.
These terms are locally linearized by assuming that the velocity component coefficients U and V 
are constant in each individual grid element, i.e. locally constant, 
A B 
U-Re ,  V -Re ,  (6) 
where A and B are constant in an individual grid element, taking on different values in each 
element. 
The resulting locally linearized vorticity equation is given in equation (7), 
023 . &2~ AO~; . Ba~ 
OX 2 +-~= ~-~+ ~-~. (7) 
The analytic solution for the vorticity subject to the appropriate boundary conditions i obtained 
utilizing the superposition principle. The vorticity is decomposed into two components, each having 
only two nonhomogeneous boundary conditions 
= ~o + ~b, (8) 
OX ---5 + ~ OX + 0 Y' (9) 
where 
~"(X, Y0 + AY) = e-(Ax+ sar)[a~ + aIX + aIX:], 
¢"(X, Y0 - AY) = e-(AX-Sar)[b~ + bC:X + bIX2], 
a(X o + AX, Y) = O, 
a(Xo - AX, Y) = O, 
02~;, O:~b 0~;' O~ b 
~ x : ~- ~-~ = A -g-X + B O---Y' 
(10) 
where 
~b( X, Y0+ AY) = 0 
~b( X, Y0- AY) =0 
~b(X 0+ AX, Y) = e-(aax+ Br)[c~ +cIY  +cIY  2] 
¢b(X o - AX, Y) = e(Aax-nr)[d~ + dIY + dIY2]. 
The general analytic solutions for ¢ a and ~ b are found by the separation f variables technique. 
After application of the boundary conditions for each component, he analytic solution for the 
vorticity, equation (11), is determined by combining the two component solutions, 
(X, Y) = e (Ax+n!'3 ~ {[Cln sinh(D~.X) + C2. cosh(D,.X)]sin[A~.(Y + AY)] 
n=l  
+ [C3. sinh(Dz. Y) + C4. cosh(D2.Y)]sin[2~(X - AX)]}. (11) 
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The final algebraic form of the vorticity solution specifies the value of the vortieity at the center 
of the element as a function of the neighboring eight nodal values, equation (12), 
(Xo, Yo) = z, ~ (Xo + ax, Yo + a Y) + z~ (Xo + ax, Yo) 
+ Z3¢ (Xo + AX, Yo-  AY) + Za¢ (Xo, Yo- AY) 
+ Zs~ (Xo - AX, ]To - A Y) + Z6¢ (Xo - AX, Yo) 
+ Z7~ (Xo - AX, Yo + AY) + Zs~(Xo, Yo + AY), (12) 
where 
1 ( i ,+  I3~E~ 1 [ -  ~ \ 
fi 
1(5)  l_  23 = ~ -I~ + EL + ~ (I~ + ~)eL  
z,= _i~ + I; %, ~-~-~1 -z~ +~)e~,  
z~ = (I~ - t~ "~e~ 
Z7 = 2~ A-Y] 2AX ~ 2 
e -AAx co sin(21.AY) 
ECln = ~ .~=1 cosh(DlnAX)' 
e A~ ~ sin(21,AY) 
E~ 
2~,__/TI cosh(Ol, AX)' 
e-Bar ~°° sin(22~AX) 
El. 2AX .~l cosh (Dz~A Y)' 
e Bar ~ sin(Az~ AX) 
El. 2~,~,  cosh (D2. A Y)' 
n~ 
~L = 2AX' 
,~,= nrc 
2AY' 
Di. = (A 2 + B 2 + ~12n) I/2, 
D~ = (A 2 + B 2 + )].2) t/2, 
If = e -BY sin[2~(Y + AY)I dY, 
AY 
- Ye -sy sin[A~(Y + AY)] dY, 
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f 
ay 
I~ = Y2e-BY sin [22, ( Y + a Y)] d Y, 
-AY 
[~ = e -Ax sin[).2,(X + AX)] dX, 
-AX 
[¢z = Xe-  AX sin [22. ( X + AX)] dX, 
-AX 
[~ = X 2 e- Ax sin [22. ( X -'~ AX)] dX. 
AX 
Stream function solution 
The stream function is described by a Poisson equation which is linear and coupled to the 
vorticity through the source term, equa.tion (4). The locally analytic solution for the stream function 
is obtained in a manner analogous to that used to solve for the vorticity. In particular, the 
superposition principle is utilized to decompose the stream function into two components, equation 
(13). One component is described by a homogeneous Laplace equation with nonhomogeneous 
boundary conditions, equation (14). The second component consists of a nonhomogeneous Poisson 
equation but with homogeneous boundary conditions, equation (15); 
where 
= ~u~+ ~b, (13) 
V2~ ~ = 0, (14) 
~la(x, Yo + aY)  = a~, + a~ X + a~ X 2, 
}Po(X, Yo-aY)=b*t +b~ X +b(X  2, 
'P~(Xo + AX, Y) = c~ + c~ Y + c( y2, 
~W(Xo - AX, Y) = d~ + d~ Y + d]' y2, 
V2~ b = -4 ,  
~,~(x, Y0 + AY) = 0, 
~b(X, Yo -- AY) -- 0, 
b(x 0 + AX, Y) = 0, 
~b(X o-- ax ,  Y) = O. 
(15) 
The mathematical problem for ~ua specified in equation (14) corresponds directly to that for the 
vorticity. Thus, the separated variables olution for ~a is obtained in an analogous manner to that 
previously described for 4. 
The solution for ~ub is somewhat more complex in that it is described by a nonhomogeneous 
Poisson equation. The homogeneous solution for ~b is defined by a Laplace equation, and is thus 
also determined by separation of variables. However, the nonhomogeneous source term for the 
particular solution is the vorticity, 4, which itself satisfies a Laplace equation. Thus, the particular 
solution, ~b, is determined by assuming a separated variables Fourier series solution form 
~Pbp(X, Y) = ~ F . (Y)  sin[2~.(X + AX)], (16) 
n=l  
where 2 ~. are the igenvalues of the homogeneous solutions and the function F.(Y) is unknown. 
The particular solution is determined by finding the unknown function F.(Y). This is accom- 
plished by first expanding the previously determined nonhomogeneous vorticity term, specified in 
equation (11), in an analogous Fourier series 
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(X, Y) = ~, G.(Y) sin[2~'.(X + AX)]. (17) 
n=l  
These Fourier series for ~ and ~ are then substituted into equation (15) which defines ~b. 
This leads to the following nonhomogeneous second order ordinary differential equation for the 
unknown function F.(Y): 
d2Fn 
dy  2 2~nFn = Gn. (18) 
This equation is easily solved for F~(Y), thereby determining the particular solution, ~u~. 
The complete solution for the stream function, ~(X, Y), given in equation (19), is obtained by 
the superposition of the two component solutions, ~u= and ~Ub after application of the appropriate 
boundary conditions. 
'P (X, Y) = ~ {[H~. sinh (2 ~.X) + n~, cosh (2 ~. X)] sin [2 ~.( Y + A Y)] 
n=l  
+ [H3. sinh(2~, Y) + H4. cosh (2[. Y)] sin[A~,(X + AX)] 
+ [H5.(2~. Y) + H6. cosh(2~ Y) + HT..-I- Hs.Y 
+ Hg.Y 2] sin[2 ~.(X + AX)]}. (19) 
The final algebraic form of the stream function specifies the value of the stream function at the 
center of the element as a function of the neighboring eight nodal values 
'e ( Xo, Yo) = p, ~u (X o + AX, Yo + A Y) + P2 ~ (Xo + AX, Yo) 
+ P3~ (Xo + AX, Yo- AY) + P4}P (Xo, Yo- AY) 
+ Ps~(Xo- ax, Yo- aY) + &~(Zo-  ax, Yo) 
+ PT~P(Xo -AX,  Yo + AY) + Ps~(Xo, Yo+ AY) 
+ Q,¢(Xo + aX, Yo + Ar) + Q2~(Xo + aX, Yo) 
+ Q3~(Xo + AX, Yo- AY) + Q4~(Xo, Yo- AY) 
+ Qs~ (Xo -- AX, Yo - AY)  + Qr~(Xo - -  AX, Yo) 
+ Q7~ (Zo -- AX, Yo + a Y) + Qs~ (Zo, Yo + A Y) 
+ Qg~(Xo, Yo), 
e =(zr_ zr , • Ay2/~ln '  
2AY Ayj--~+~-X I2 +S-2 E~, 
84 r-~ 3 g2n ,
_ 1 Y (I~ I{A ]E~ P5 = 2A Y~ 1 2AX ~ 2 AX]":'2"' 
P6 = I~-  Ay2/..,in , 
where 
(20) 
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e, = 
_ E4~. {l~_I()~,~, 
e,  - \ 
Q, = .E~" - A r~.] \2aX + 2--g-~J :~  ' " '  
" K' e; Q3 = 4A y------~ I~ + ae}  ~" '  
Q_ E~. ( _ t~ '  I r~, .z .  
5 - 4 a x a y ,  ~ - ~ +-a--x.}.=,., 
Q6 = E~. -Ay2) \  2AX"  2AX1} ,-''.' 
E • _ ~4. {_ i  ~, 13 )~ 
- 2aY~ I,, "~ - ae~j,.,~,, 
Q9 = (E~ E~,, y, _ _ _  
E~, = sin(21"A Y) 
2A Y cosh (21.AX)' 
2AX2J ~l" '  
sin(R~AX) 
2AX cosh (2z,,A Y)' 
- 1 + cosh(21,,AY) 
21.,2AX cosh (2,,,A Y)' 
-2  - 22.Ay 2 + 2 cosh(2,,.,A Y) 
AX2~,, cosh (21.A Y) 
Computational procedure 
The above technique is applied to adjacent grid elements with the boundary nodal point 
considered as the interior point. For a general grid element with center at (i,j), the resulting 
algebraic equations which relate the values of the vorticity and the stream function at the center 
with their corresponding known values at the eight surrounding nodes are given in equations (21) 
and (22) 
~b (i.j) = ei+ i,]+1 ~¢ (i + 1.j + 1) + e~+ ,.: ~O (1 + 1,j) 
+ P,+,,j-i ~O(i + l , j  -- 1) + e,,j_, ~( i , j  - 1) 
+ P, - t , j - t  ~( i  - l , j -  1) + P,_ , . j$( i  - 1,j) 
+ P~-~,j+t $( i  - 1.j + 1) + P~,j+~ b(i,j + 1) 
+ Q,+,,:+,~(i + l , j  + 1) + Q,+t,j~(i + l , j )  
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+ Q,+l. j - i{( i  + 1,j - 
+ Qt - i . / - i{ ( i  -- 1,j  -- 
+ Q,-l.j+ ,{(i  - 1,j 
¢(i, j )  = Z,+,.:+,{(i  + 1,j + 
+ Zi+l . j - i{( i  + 1,j 
1)+ Qq_ , ,  ~( i , j  - 1) 
l) + Q,_,.j¢(i - l , j )  
+ 1) + Qi,/+ i¢(1,j + 1) + Q, , j~( i , j ) ,  
1) + Z,+ ,,/¢ (i + 1,j) 
- -  1)+ Zi, j_ l¢(i ,  j -- 1) 
(21) 
0.2 
I 
o. 
o 
04 
ft.. 
t 
08 
0.6 
, x .o  -~- ,q  
m X=0.25  L 
o X ,O.SL  
0 X ,O.75L  
x X ,L  
- - -  Exact  
sotut.ion 
I I 
o 0.3 0.6 09 I z 1.5 
Axial vetocff.y ( UIU o) 
Fig. 2. Flow development between two parallel flat plates. 
+ Zt-l,j-l~(i -- 1 , j -  1)+ Zi_ i . j~(i-  1,j) 
+ Zi_l,y+l~(i -- 1,j + 1) + Zi, j+l~(i , j  + 1). (22)  
These algebraic solutions for the vorticity and stream function are coupled and, thus, must be 
solved iteratively. With global boundary conditions applied, the above interior point solution leads 
to a system of algebraic equations. These are given in equations (23) and (24) for a fixed value 
o f j  
-P I_ , . I~I ( i  - 1,j) + ~/(i,j) - Vy+,./(i + l,y) 
= P,+ ,. j+, ~/(i .+ 1,j + 1) + P,+ ,. j_,  ~b (i + 1 , j  - 1) + P,. j_ ,  ~1 ( i , j  - 1) 
+ P~_,j_, ~/(i - l , i - j )+P~_ , . j+ l~/ ( i  - l , j+  I) 
+ &j+,  ~/(i,j + 1) + Q~+,.j+,{(i + 1,j + 1) + Qi+,.j{(i + 1,j) 
+ Q,+,j_, ¢(i + 1,j - 1) + Q,. j - l{(g J  - 1) 
+ Q,_ ,.y_, { ( i -  1 , j -  1)+ Q,_ ,o{( i -  1,j) 
+ Qi- ,d+,~(i  - 1,j  + 1) + Qi,/+,~(gJ + 1) + Qid~(i,j), (23) 
--  Z , _  t . j{ (i - 1,j) + { ( i , j )  - Z ,+ ,.,~ (i + 1,j) 
= Zi+l,j+l~(i + 1, j+ 1)'+" Zi+l,j_l~(i-[- 1, j -  1) 
+ Z,, /_ i~(i , j  -- 1) + Z,_ ,d_ ,~( i  -- 1,j -- 1) 
+ Z i_ l , j+ ,¢ ( i  - -  1,j + 1) + Z,o + ,¢( i , j  + 1). (24) 
The r.h.s, of these two equations are known, i.e. the (j  - 1) terms are known from the boundary 
conditions or the last sweep, with the (j  + 1) terms determined from the boundary conditions or 
the previous iteration. They Can be written as tridiagonal matrices and then solved by the Thomas 
algorithm for all j values. 
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TO begin the solution process, the stream function solution is first determined from equation (23). 
The constants in this equation, P# and Q#, are calculated for each nodal point. These need only 
be calculated once as they are the same for all grid elements and all iterations. This equation is 
then solved line by line by sweeping in the j direction and using the tridiagonal matrix solver with 
each j held constant. 
The vorticity is then determined from equation (24) using the tridiagonal matrix solver. After 
internal convergence is achieved, successive over relaxation is used for the stream function and the 
vorticity to expedite the external iterative process. This whole procedure is repeated until overall 
convergence is achieved. 
RESULTS 
This locally analytic numerical solution method is used to analyze the internal and external 
two-dimensional laminar flow of an incompressible viscous fluid, with the prediction of flow 
development, reversal, separation, and reattachment demonstrated for moderate values of the Re. 
In particular, three internal and one external flow configuration are investigated, with predictions 
obtained for entrance flow development in a straight channel, the flow through a sudden expansion, 
i.e. over a backward step, the flow in a diffuser, and the flow past a flat plate airfoil over a range 
of mean flow incidence angle values. 
Entrance region flow development 
The predicted evelopment of a uniform inlet flow as it progresses downstream in a channel 
comprised of two parallel plates is presented in Fig. 2 for a Re = 10. These predictions were 
obtained on a 31 x II computational grid with AX = A Y = 0.1, and internal and external 
tolerances for the stream function and vorticity of 10 -6 and 10 -4, respectively. On a Cyber 205 
vector processing computer, 79 overall iterations were required, taking 41.5 CPU. The velocity 
profiles show the boundary layer development along the length of the plate, with the boundary 
layer thickness increasing with distance from the entrance. Also, presented are the classical fully 
developed results from Ref. [10]. As seen, excellent agreement is obtained. 
Sudden expansion (backward step) 
This example considers the viscous flow in a channel of height 2H which undergoes a sudden 
expansion to a channel of height 2(H + h). As the flow configuration is symmetric about the 
centerline, the solution is obtained by considering one-half of the channel, i.e. the flow over a 
backward step. The abrupt geometry of the step results in the flow separating from the step and 
reattaching on the bottom of the flow channel. These separation and reattachment locations are 
predicted as follows. The vorticity is defined as 
OU OV (=  
aX aY" 
Flow separation from a boundary occurs when 
av 
- -=0.  
c~Y 
As the normal velocity is always zero on the boundaries, 
aU 
- -=0.  
aX 
Thus separation from a boundary is predicted when ~ = 0. 
Figures 3 and 4 present he predicted stream function contours for the flow through channels 
with inlet to exit flow area ratios of 3:1 and 2:1, h/H = 2 and 1, respectively, at Re between 10 
and 80. These predictions were obtained on a 71 x 16 grid with AX --- AY = 0.05. The internal and 
external convergence criteria were 10 -5 for the stream function while the internal and external 
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Uo 
| - -  , L " J  
Re = 50  
h~ 
J 
UO 
Re = 80  • 
L___._._ 
B 
Fig. 3. Stream function contours for the flow in a channel with a sudden expansion of area ratio 3: I. 
tolerances for the vorticity wcrc 10 -2 and 5 x 10 -2, respectively. Computational time averaged 
about 310 CPU s on the Cybcr 205 for all cases, with an average of 70 overall iterations. 
The stream function contour plots show the flow separation from the side of the step, Point A, 
and the rcattachmcnt on the bottom of the flow channel, Point B. Also, the rccireulation zone at 
the base of the step is clearly defined, with a vortex formed duc to the reverse flow. Note that as 
the Rc is increased, the separation point moves upward on the step and also reattachcs at a point 
O' o 
Re : iO 
T 
H 
i 
Re = 30 
uo 
Fig. 4. Stream function contours for the flow in a channel with a sudden expansion of area ratio 2:1. 
C.A.M.W.A. 13/II -~42 
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Fig. 5. Reattachment length in the sudden expansion as a function of the Re. 
Re = I0 
B 
Re--15 
Fig. 6. Stream function contours in a diffusing channel. 
B 
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Fig. 7. Stream function and airfoil surface vorticity distributions for flow past an airfoil at 0 ° of incidence 
and Re--  100. 
further downstream. With the predicted locations of the separation and reattachment points 
known, the relationship between these two locations can be determined. In particular, a linear 
relation between the nondimensional reattachment length from the step, L/H, and the Re for these 
two step geometries i predicted, Fig. 5. This is in agreement with the experimental results of 
Goldstein et aL [11] and also the Navier-Stokes numerical solutions of Morihara [12]. 
Diffuser 
The predicted stream function contours for the flow through a diffusing channel with a 45 ° 
angle of divergence at Re = 10 and 15 are presented in Fig. 6. The tolerances for the stream 
function and vorticity were 10 -4 and 10 -z, respectively, requiring 52 overall iterations and 64.8 
CPU s. This internal flow configuration demonstrates flow separation and reattaehment resulting 
from the strong adverse pressure gradient i  this highly divergent channel. The separation and 
reeirculation regions are predicted, with the separation location moving downstream as the Re is 
decreased. 
Flat plate airfoil 
Predictions of the flow past a flat plate airfoil at mean flow incidence angles of 0, 12 and 18 °, 
and Re between 100 and 1000 are presented in Figs 7-13. In these figures, the overall features of 
the flow field are shown in the form of stream function contours, with vorticity distributions on 
the airfoil surfaces used to quantify the regions of flow separation. In particular, the stream 
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Locally analytic numerical method 931 
function contours qualitatively show the separation region with the vorticity distributions on the 
upper and lower surfaces of the airfoil showing the exact locations of the flow separation and 
reattachment. When the vorticity is zero, the flow separates from the airfoil surface, with 
reattachment predicted when the vorticity again takes on a zero value. 
For these predictions, a 45 x 35 grid with AX=AY=0.025 was utilized. The convergence 
criteria for the stream function was l0 -4 while the internal tolerance for the vorticity was l0 -2 and 
the external convergence riteria was 5 x l0 -~. Computational time on the Cyber 205 ranged from 
565.6 CPU s for a Re = 100 at 0 ° of incidence, requiring 163 stream function-vorticity iterations, 
to 1105.6 CPU s requirng 321 iterations for Re = 1000 at an incidence angle of 12 °. 
At each incidence angle, the thickness of the boundary layer decreases as the Re increases, as 
expected. Also, at 0 ° of incidence, the flow does not separate from the airfoil, as seen in Figs 7 
and 8 for Re = 100 and 1000, respectively. However, as the incidence angle is increased, regions 
of separated flow are predicted, with the characteristics of the separation at each incidence angle 
a function of the Re. 
At 12 ° of incidence, no flow separation is found at a Re = 100, Fig. 9. However, increasing the 
value of the Re is seen to result in separation. At Re = 500, Fig. l0 shows that the flow separates 
from the airfoil at approximately 40% of the chord and reattaches near the trailing edge. Increasing 
Re = 1000 results in the flow separation position moving foward to approximately 25% of the 
airfoil chord and the reattachment point moving just slightly forward, Fig. 11. 
The effect of Re on flow separation and reattachment on the airfoil is further demonstrated at
an incidence angle of 18 °. At Re = 100, Fig. 12 shows that the flow separates from the airfoil near 
midchord, with reattachment indicated at approximately 80% of the chord. Increasing, Re = 500, 
results in moving the separation point forward to 10% of the chord, with reattachment moving 
rearward to approx. 95% of the chord, Fig. 13. 
SUMMARY AND CONCLUSIONS 
A locally analytic numerical method has been developed to predict he two-dimensional internal 
and external steady laminar flow of an incompressible viscous fluid. In this numerical method, 
analytic solutions of locally linearized partial differential equations are incorporated into the 
solution. This is accomplished by dividing the flow field into computational grid elements. In each 
individual element, the nonlinear convective terms of the Navier-Stokes equations are locally 
linearized, with analytic solutions then determined. The solution for the complete flow field solution 
is obtained by the assembly of these locally analytic solutions. 
The ability of this locally analytic numerical solution to predict flow development, reversal, 
separation, and reattachment a moderate values of the Re for both internal and external flow 
configurations was then demonstrated. This was accomplished by utilizing this numerical solution 
technique to predict he developing flow in a straight channel, the flow through a sudden expansion, 
i.e. over a backward step, the flow in a diffuser, and the flow past a flat plate airfoil over a range 
of mean flow incidence angle values. 
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